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π=(5,4,4,3,2,2)

A sequence of non-negative integers π is said to be graphic if
there exists a graph G which has degree sequence π.

We write
π(G) = π.

Such a graph G is said to realize π. We write G(π) = G.
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Diversity of Realizations

It is easy to determine which sequences are graphic, but any
given graphic sequence can have many distinct realizations.
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Forcible/Potential

Degree sequence problems generally fall into two categories,
forcible or potential.

Question (Forcible)
Given a graph property P and a graphic sequence π, does every
realization of π have P?

Question (Potential)
Given a graph property P and a graphic sequence π, does there
exist a realization of π with property P?
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Forcible Degree Sequence Problems

Consider the classic result by Dirac.

Theorem (Dirac’s Theorem 1952)

Let G be a graph of order n ≥ 3. If δ(G) ≥ n
2 then G is

hamiltonian. This result is sharp.

The degree sequence version is straightforward.

Theorem (Dirac’s Theorem 1952)

Let π = (d1, . . . ,dn) be a nonincreasing graphic sequence with
n ≥ 3. If dn ≥ n

2 , then π is forcibly hamiltonian.
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Forcible Degree Sequence Problems

Consider another example, let H be any arbitrary graph.

Problem (The Turán Problem)

Determine ex(n,H), the maximum number of edges in an n-vertex
graph that does not contain H.

Ferrara, LeSaulnier, Moffatt, Wenger | UCD The Asymptotics of the Potential Function | 6 of 38



Forcible Degree Sequence Problems

To rephrase this as a degree sequence problem for
π = (d1, . . . ,dn) we will define,

σ(π) =
n∑

i=1

di ,

Noting that σ(π(G)) = 2|E(G)|. We can now restate the Turán
problem.
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Forcible Degree Sequence Problems

Problem (The Turán Problem)

Determine ex(n,H), the maximum number of edges in an n-vertex
graph that does not contain H.

In degree sequence world,

Problem (The Turán Problem)

Determine ex(n,H), the minimum integer such that every n-term
graphic sequence π with

σ(π) ≥ 2ex(H,n)

is forcibly H-graphic.
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History

If π is a graphic sequence, and some realization of π contains H
as a subgraph, then we say that π is potentially H-graphic.

Problem (Erdös-Jacobson-Lehel 1991)

Determine σ(H,n), the minimum even integer such that any
n-term graphic sequence with

σ(π) ≥ σ(H,n)

is potentially H-graphic.

We refer to σ(H,n) as the potential number of H.
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History

. 

.

.+K t−2

π=((n−1)t−2 , (t−2)n−t+ 2)

• This graph contains no Kt .

• This degree sequence is uniquely
realized.

• Thus π is not potentially Kt graphic,
hence

⇒ σ(Kt ,n) ≥ (t − 2)(2n − t + 1) + 2
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History

Conjecture (Erdös-Jacobson-Lehel 1991)

σ(Kt ,n) = (t − 2)(2n − t + 1) + 2

The cases t = 3, 4, and 5 were proved separately (E-J-L 1991;
Gould, Jacobson, Lehel 1999; Li, Song 1998).

In 1999 Li, Song, and Luo proved the conjecture for t ≥ 6, and n
sufficiently large.
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History

• Kt

• Ks,t (Li, Yin 2003; Chen, Li, Yin 2004)
• Ct (Lai 2004)
• Unions of Cliques (Ferrara, 2007)
• Graph with α = 2 (Ferrara, Schmitt 2009)

Building on a previous construction by Ferrara, and Schmitt
(2009), we determine σ(H,n) asymptotically for all H.

Ferrara, LeSaulnier, Moffatt, Wenger | UCD The Asymptotics of the Potential Function | 12 of 38



History

• Kt

• Ks,t (Li, Yin 2003; Chen, Li, Yin 2004)

• Ct (Lai 2004)
• Unions of Cliques (Ferrara, 2007)
• Graph with α = 2 (Ferrara, Schmitt 2009)

Building on a previous construction by Ferrara, and Schmitt
(2009), we determine σ(H,n) asymptotically for all H.

Ferrara, LeSaulnier, Moffatt, Wenger | UCD The Asymptotics of the Potential Function | 12 of 38



History

• Kt

• Ks,t (Li, Yin 2003; Chen, Li, Yin 2004)
• Ct (Lai 2004)

• Unions of Cliques (Ferrara, 2007)
• Graph with α = 2 (Ferrara, Schmitt 2009)

Building on a previous construction by Ferrara, and Schmitt
(2009), we determine σ(H,n) asymptotically for all H.

Ferrara, LeSaulnier, Moffatt, Wenger | UCD The Asymptotics of the Potential Function | 12 of 38



History

• Kt

• Ks,t (Li, Yin 2003; Chen, Li, Yin 2004)
• Ct (Lai 2004)
• Unions of Cliques (Ferrara, 2007)

• Graph with α = 2 (Ferrara, Schmitt 2009)

Building on a previous construction by Ferrara, and Schmitt
(2009), we determine σ(H,n) asymptotically for all H.

Ferrara, LeSaulnier, Moffatt, Wenger | UCD The Asymptotics of the Potential Function | 12 of 38



History

• Kt

• Ks,t (Li, Yin 2003; Chen, Li, Yin 2004)
• Ct (Lai 2004)
• Unions of Cliques (Ferrara, 2007)
• Graph with α = 2 (Ferrara, Schmitt 2009)

Building on a previous construction by Ferrara, and Schmitt
(2009), we determine σ(H,n) asymptotically for all H.

Ferrara, LeSaulnier, Moffatt, Wenger | UCD The Asymptotics of the Potential Function | 12 of 38



History

• Kt

• Ks,t (Li, Yin 2003; Chen, Li, Yin 2004)
• Ct (Lai 2004)
• Unions of Cliques (Ferrara, 2007)
• Graph with α = 2 (Ferrara, Schmitt 2009)

Building on a previous construction by Ferrara, and Schmitt
(2009), we determine σ(H,n) asymptotically for all H.

Ferrara, LeSaulnier, Moffatt, Wenger | UCD The Asymptotics of the Potential Function | 12 of 38



Construction

If F is an induced subgraph of H, we will write F ≤ H.

For α(H) + 1 ≤ i ≤ |H|, let

∇i(H) = min{∆(F )|F ≤ H, |F | = i}.

Consider any Fi ≤ H with ∆(Fi) = ∇i(H). If F is any subgraph of
H with order i , then

∆(F ) ≥ ∆(Fi).
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Construction

πi(H,n) is the degree sequence of the following graph.

K k−i
(∇ i−1)
−regular

σ(πi) ≈ (2(k − i) +∇i − 1)n

• This graph contains no H.

• This degree sequence is uniquely
realized.

• Thus πi is not potentially H graphic,
hence

⇒ σ(H,n) ≥ σ(πi) + 2
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Main Result

Define,

σ̃(H) =

max
α(H)+1≤i≤|H|

{2(k − 1) +∇i − i} ≈ max
α(H)+1≤i≤|H|

{σ(πi)/n}

Theorem (Ferrara, Moffatt, LeSaulnier, Wenger 2012+)

If H is a graph and n is a sufficiently large positive integer, then

σ(H,n) = σ̃(H)n + o(n).
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Example: K1,k−1

α(K1,k−1) + 1 = |K1,k−1| = k

∇k = ∆(K1,k−1) = k − 1

σ̃(K1,k−1) = (2(k − k) +∇k ) = k − 1

Claim
σ(K1,k−1,n) ≈ (k − 1)n
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Example: Kk

α(Kk ) = 1

For 2 ≤ i ≤ k ,

∇i = min{∆(F ) | F ≤ Kk , |F | = i} = ∆(Ki) = i − 1.

σ̃i(Kk ) = (2(k − i) + (i − 1)− 1) = 2k − i − 2

Claim
σ(Kk ,n) ≈ (2k − 4)n
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Example: P7

α (P7)=4 ∇5=1
σ̃4=(2 (7−5)+ 1−1)=4

∇6=2
σ̃6=(2 (7−6)+ 2−1)=3

∇7=2
σ̃7=(2 (7−7 )+ 2−1)=1

Claim
σ(P7,n) ≈ 4n
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Proof Sketch:

Let H be a graph of order k , and let π = (d1, . . . ,dn) be a
nonincreasing graphic sequence with

σ(π) ≥ σ̃(H)n + ω(n),

where ω(n)
n−→∞.

Instead of H, we will construct a realization of π that contains:

K k−i K̄ i
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σ(π) ≥ σ̃(H)n + ω(n),

where ω(n)
n−→∞.

Instead of H, we will construct a realization of π that contains:
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The BMDT

Theorem (The Bounded Maximum Degree Theorem)

Let H be a graph and let π = (d1, . . . ,dn) be a sufficiently long
nonincreasing graphic sequence satisfying:

1 π is degree sufficient for H, and

2 dn ≥ k − α(H).

There exists a function f = f (α(H), k) such that if

d1 < n − f (α(H), k),

then π is potentially H-graphic.
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Vertex Deletions are "Free"

Consider any realization G of π, and choose a vertex v ∈ G.

v

π=(3,3, 3,3,3.3, 2,2)
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Consider any realization G of π, and choose a vertex v ∈ G.

v
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Average Degree→ Minimum Degree

σ(π) ≥ (2(k − i) +∇i − 1)n + ω(n)

≥
i=α+1

2 (k − α− 1) n + ω(n).

Thus, the average degree of any G(π) is greater than

k − α− 1.

If we iteratively delete vertices of minimum degree from some
G(π), we either obtain:

1 A “dense" graph with a potentially H-graphic degree sequence.

2 A sufficiently long degree sequence π′ of length n′ with

σ(π′) ≥ σ̃(H)n′ and dn′ ≥ k − α.
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The BMDT

Theorem (The Bounded Maximum Degree Theorem)

Let H be a graph and let π = (d1, . . . ,dn) be a sufficiently long
nonincreasing graphic sequence satisfying:

1 π is degree sufficient for H, and

2 dn ≥ k − α(H).

There exists a function f = f (α(H), k) such that if

d1 < n − f (α(H), k),

then π is potentially H-graphic.
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K k−i K̄ i

We can show that for some t , π′ is degree sufficient for

Kt ∨ K k−t .

If π′ is not (Kt ∨ K k−t )-graphic, then by the Bounded Max Degree
Theorem,

d1 ≥ n − f (α, k).
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The vertices not adjacent to v have degree at most 2k and n is
sufficiently large, so we can delete them without changing the
asymptotics of σ(π).

v1

N (v)

f (α ,k )vertices
d< 2k
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The vertices not adjacent to v have degree at most 2k and n is
sufficiently large, so we can delete them without changing the
asymptotics of σ(π).

v1

G1
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Since the vertices not adjacent to v have degree at most 2k and n
is sufficiently large, we can delete them without changing the
asymptotics of σ(π).

v1

G1
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Wash, Rinse, Repeat

We now repeat this process as many times as is possible and get
the following:

v2 Gi

vk−i

v1
Deleted
stuff

...

We can further show that:
1 Gi is sufficiently large,
2 k − 1 ≥ ∆(Gi) ≥ δ(Gi) ≥ 1, and
3 Gi is degree sufficient for Fi .
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And now, just build Gi

Lemma
Let π be an n-term graphic sequence with d1 ≤ M and dn ≥ 1.
If π is degree sufficient for H, and n > 2M2 + k, then π is
potentially H-graphic.

v2 Gi

vk−i

v1
Deleted
stuff

...
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And now, just build Gi

Lemma
Let π be an n-term graphic sequence with d1 ≤ M and dn ≥ 1.
If π is degree sufficient for H, and n > 2M2 + k, then π is
potentially H-graphic.

v2
F i

vk−i

v1
Deleted
stuff

...
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And now, just build Gi

Lemma
Let π be an n-term graphic sequence with d1 ≤ M and dn ≥ 1.
If π is degree sufficient for H, and n > 2M2 + k, then π is
potentially H-graphic.

v2
F i

vk−i

v1
Deleted
stuff

...

H
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Conclusion

• Multigraphs...?
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QUESTIONS?
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